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Abstract. We will give a proof to the Prasad conjectures for U2, SO4 and Sp4 over a quadratic field
extension.
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1. Introduction
Assume that F is a nonarchimedean local field with characteristic 0. Let G be a connected reductive group
defined over F and H be a closed subgroup of G. Given a smooth irreducible representation π of G(F ), one
can study the complex vector space HomH(F )(π,C). If it is nonzero, then we say that π isH(F )-distinguished.
Period problems, which are closely related to Harmonic Analysis, have been extensively studied for classical
groups. The most general situations have been studied in [SV17] when G is split. Given a spherical variety
X = H\G, Sakellaridis-Venkatesh [SV17] introduce a certain complex reductive group GˆX associated with
the variety X , to deal with the spectral decomposition of L2(H\G) under the assumption that G is split. In a
similar way, Dipendra Prasad [Pra15, §9] introduces a certain quasi-split reductive groupHop to deal with the
distinction problem with respect to a quadratic character χH (depends on the quadratic extension E/F and
the reductive quasi-split group H), when the subgroup H is the Galois fixed points of G, i.e. H = GGal(E/F ),
where E is a quadratic field extension of F . The cases H = SL2 and H = SLn (n ≥ 3) have been proved in
[AP03, AP18, Lu18b] and the cases H = GL2 and H = PGL2 have been verified in [Pra92, Lu17]. The cases
H = GSp4 and H = SO5 have been studied for the tempered representations in [Lu18a]. In this paper, we
will focus on the following cases:
• G = RE/FU2 and H = U2,
• G = RE/FSO4 and H = SO4,
• G = RE/FSp4 and H = Sp4,
where RE/F denotes the Weil restriction of scalars. Let θ be the involution defined on G(F ) and H(F ) = G
θ.
More precisely, given g ∈ G(F ), gt denotes its transpose matrix,
θ(g) =
{
ω0 · σ((g
t)−1) · ω−10 if G(F ) = GL2(E)
σ(g) if G(F ) = SO4(E) or Sp4(E)
where σ is the nontrivial element in Gal(E/F ) and ω0 =
(
1
−1
)
. So H(F ) = {g ∈ G(F ) : θ(g) = g}.
1
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Let WF (resp. WE) be the Weil group of F (resp. E) and let WDF (resp. WDE) be the Weil-Deligne
group. Let ψ be any nondegenerate additive character of F and ψE = ψ ◦ trE/F . Assume that π is an
irreducible smooth representation of H(F ) with a Langlands parameter φπ : WDF −→
LH and a character
λ of the component group Sφπ = C(φπ)/C
◦(φπ), where C(φπ) is the centralizer of φπ in Hˆ (the Langlands dual
group of H) and C◦(φπ) is the connected component of C(φπ). Then φπ|WDE gives a Langlands parameter
of H(E) = G(F ). The map
Φ : φπ −→ φπ |WDE
is called the base change map. The parameter φπ is called a lifted parameter or an extension of φπ|WDE .
The Prasad conjecture for the quasi-split group H implies the following:
Theorem 1.1. Let E be a quadratic field extension of a nonarchimedean local field F with associated Galois
group Gal(E/F ) = {1, σ}. Assume that π is an irreducible smooth admissible representation of G(F ) with
an enhanced L-parameter (φπ , λ) and that the L-packet Πφπ is generic. Then
(i) If π is H(F )-distinguished, then π∨ ∼= πθ and there exists a Langlands parameter φ of Hop(F ) such
that φ|WDE = φπ, where H
op =
{
GL2, if H = U2;
SO4, if H = SO4.
(ii) If φπ = φπ′ |WDE for some irreducible representation π
′ of Hop(F ) and π has a Whittaker model
with respect to a non-trivial additive character ψ0 of N(E) which is trivial on N(F ), where N is a
unipotent subgroup of H, then π is H(F )-distinguished for H = U2 and SO4.
(iii) Suppose H = U2 or SO4. Then there is an identity
(1.1) dimHomH(F )(π,C) + dimHomH′(F )(π,C) =
∑
φ∈F (φπ)
m(λ, φ)
deg Φ(φ)
d0(φ)
where
• H ′ is the unique nontrivial pure inner form of H defined over F ;
• F (φπ) = {φ :WDF −→
LHop : φ|WDE = φπ} is the set of the lifted parameters;
• m(λ, φ) is the mulitplicity of the trivial character contained in the restricted character λ|Sφ ;
• degΦ(φ) is the degree of the base change map at φ;
• d0(φ) = |Coker{Sφ −→ S
Gal(E/F )
φπ
}| is the size of the cokernel.
Theorem 1.2. Let π be an irreducible tempered representation of Sp4(E) with an enhanced L-parameter
(φπ, λ), distinguished by Sp4(F ). Then the multiplicity
dimHomSp4(F )(π,C) =
∑
φ∈F (φπ)
m(λ, φ)
deg Φ(φ)
d0(φ)
where F (φπ), m(λ, φ) and d0(φ) are defined as above in (1.1).
Anandavardhanan-Prasad [AP03, AP18] use the restriction to SLn(E) from GLn(F )-distinguished repre-
sentation of GLn(E) to show that the mulitiplicity dimHomSLn(F )(π,C) is equal to the number of inequivalent
lifts where H = SLn and H
op = SUn with n ≥ 3 (where H
op = SL2 if H = SL2). We will use a similar
method to deal with the case when H = SO4, which involves the distinction problems for GSO4 or GSpin4
over a quadratic field extension E/F . The main task in this paper is to verify the identity (1.1). In particular,
on the right hand side (called the Galois side) of (1.1), we will construct and study the finite set F (φπ) case
by case in §3.
Thanks to the results [FLO12, Theorem 0.2] when H = U2, one can get the multiplicities on the left hand
side (called the automorphic side) of (1.1) for almost all cases except the Langlands parameter φπ = 2χ
where χ is Galois invariant. It turns out that the exception case for U2 can be obtained via the Prasad
conjecture for SL2 over a quadratic field extension E/F . (See Lemma 2.2.) When H = Sp4, we need to
assume that π is tempered because the identity (1.1) for H = GSp4 has been discussed in [Lu18a] only when
the representation of GSp4(E) is tempered. Another difference for the distinction problems between SO4 and
Sp4 is that the pair (GSO4(E),GSO4(F )) is a Gelfand pair while (GSp4(E),GSp4(F )) is not a Gelfand pair.
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Remark 1.3. In [BP18, Theorem 1], Raphael Beuzart-Plessis uses the relative trace formula to show that
dimHomH′(F )(π
′, χH′) = dimHomH(F )(π, χH),
where H ′ is an inner form of H defined over F , χH′ is a quadratic character of H
′(F ) and π′ is a stable
square-integrable representation of (RE/FH
′)(F ) = H ′(E) which has a transfer to π of H(E).
Remark 1.4. It has been shown that degΦ(φ) = 1 if φ is discrete, and so is d0(φ). (See [Pra15, Remark 22].)
Now we briefly describe the contents and the organization of this paper. The proof of Theorem 1.1 for the
quasi-split group U2 will be given in §2. In §3, we study the distinction problems for GSO4 and SO4, including
the cases when the group H is not split but quasi-split. The last section focuses on the proof of Theorem 1.2
which depends on the local Langlands correspondence for Sp4 proved by Gan-Takeda in [GT10].
Acknowledgments. The author thanks Dipendra Prasad for his guidance and numerous discussions when
he was a Visiting Fellow at Tata Insititute of Fundamental Research, Mumbai. He also thanks Yuanqing
Cai, Wee Teck Gan and Sandeep Varma for helpful discussions. Part of the work was done and was partially
supported while he was visiting Wuhan University, Zhejiang University and the Institute for Mathematical
Sciences of National University of Singapore in 2018. He would like to thank them for their hospitalities.
This work was partially supported by the ERC, StG grant number 637912 during revision.
2. The Prasad conjecture for U2
In this section, we will verify the Prasad conjecture for H = U2. In this case G(F ) = GL2(E) and H
′(F )
is the unitary group of a 2-dimensional Hermitian vector space V with nontrivial discriminant, which is not
quasi-split.
First, let us recall [FLO12, Theorem 0.2].
Theorem 2.1 (Feigon-Lapid-Offen). Suppose that π is an irreducible admissible generic representation of
G(F ) = GL2(E). If π is H(F )-distinguished, then π is Galois invariant. Conversely, assume π = π
σ. Then
• If π is a square-integrable representation, then
dimHomH(F )(π,C) = 1 = dimHomH′(F )(π,C).
• If π = π(χ1, χ2) with χ1 = χ
σ
2 6= χ2 is a principal series representation, then
dimHomH(F )(π,C) = 1 and dimHomH′(F )(π,C) = 0.
• If π = π(χ1, χ2) with χ1 6= χ2 and χi = χ
σ
i for i = 1, 2, then
dimHomH(F )(π,C) = 2 = dimHomH′(F )(π,C).
• If π = π(χ, χ) with χ = χσ, then dimHomH(F )(π,C) ≥ 2.
This section focuses on the last case φπ = 2χ with χ = χ
σ.
Lemma 2.2. Assume that π = π(χ, χ) is a representation of GL2(E) with χ = χ
σ. Then
dimHomH(F )(π,C) = 2 = dimHomH′(F )(π,C).
Proof. By the Geometric Lemma of Bernstein-Zelevinsky, one can easily obtain that
dimHomH′(F )(π(χ, χ),C) = 2
since there are two orbits in the double coset B(E)\GL2(E)/H
′(F ) and both are open. For the quasi-
split group H(F ), it suffices to show that dimHomH(F )(π,C) ≤ 2. Together with Theorem 2.1, one has
dimHomH(F )(π,C) = 2. Note that SL2(F ) is a subgroup of U2(F ) and so the multiplicity dimHomH(F )(π,C)
has an upper bound dimHomSL2(F )(π,C), which is 2 due to [AP03, Theorem 1.3]. Then we are done. 
Now we start to give a proof to Theorem 1.1 for U2.
Proof of Theorem 1.1 for U2. Recall that H(F ) = U2 and χH = 1.
(i) It is obvious that π is H(F )-distinguished if and only if π = πσ due to Theorem 2.1. If π = πσ, then
there is an extension φ˜ :WDF −→ GL2(C) of φπ .
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(ii) It follows from Theorem 2.1 directly.
(iii) Assume π = πσ. Otherwise, both sides of (1.1) are zero. In this case, d0(φ) = 1 = m(λ, φ). There
are several cases:
• If φπ is irreducible, i.e., π is a square-integrable representation of GL2(E), then there exist
two lifts φ and φωE/F , where ωE/F is the quadratic character associated to the quadratic field
extension E/F by the local class field theory. They are in the same orbit under twisting by
ωE/F , so it corresponds to two inner forms.
• If φπ = χ1 + χ2 with χ1 = χ
σ
2 6= χ2, then dimHomH′(F )(π,C) = 0. On the Galois side, there is
only one lift
φ = IndWFWEχ1
which corresponds to the trivial inner form in H1(F,U2).
• If φπ = χ1 + χ2 with χi = χ
σ
i and χ1 6= χ2, then there are four lifts and there are two orbits in
F (φπ) under twisting by ωE/F . On the automorphic side, both the muliplicities dimHomU2(π,C)
and dimHomH′(F )(π,C) are 2.
• If φπ = 2χ with χ = χ
σ = χF |WE , then there are three lifts φ1 = 2χF , φ2 = χF + χFωE/F and
φ3 = φ1 ⊗ ωE/F . Moreover, degΦ(φ1) = 1 = deg Φ(φ3) and deg Φ(φ2) = 2.
Therefore, the identity (1.1) holds for any generic representation π of GL2(E).

3. The Prasad conjecture for SO4
In this section, we will investigate the Prasad conjecture for SO4. There are several cases for H(F ):
the split group SO2,2(F ) and the quasi-split group SO(V ) where V is the 4-dimensional F -vector space
with nontrivial discriminant corresponding to K (a quadratic field extension of F ) and Hasse invariant +1.
(Sometimes we say that the discriminant of V is K.) Moreover,
SO(V ) = GL2(K)
♮/F×
where GL2(K)
♮ = {g ∈ GL2(K) : det(g) ∈ F
×} ∼= GSpin(V ) and there is an isomorphism
GSO(V ) ∼=
GL2(K)× F
×
△K×
where △K× →֒ GL2(K) × F
× via k 7→ (k,NK/F (k)
−1). The similitude character λV : GSO(V ) → F
× is
given by
λV : (g, t) 7→ NK/F (det g) · t
2.
3.1. The Prasad conjecture for GSO(V ). Let us recall the fact when H = GSO(V ), χH = ωE/F and
Hop(F ) ∼=
U2(EK/K)×U1(E/F )
U1(EK/K)
where EK is the composite field containing two distinct quadratic fields E and K of F with Weil groupWEK
and Ui(EK/K) is the unitary group of i-dimensional Hermitian EK-vector space with trivial discriminant.
Theorem 3.1. Let K be a quadratic field extension of F , different from E. Consider
GSO(V ) ∼=
GL2(K)× F
×
△K×
.
Let Σ = π⊠χE be an irreducible generic admissible representation of GSO(V ⊗F E) with ωπ = χE ◦NEK/E
and χE |F× = 1. Then χE is a character of U1(E/F ) and
(i) Σ is (H(F ), χH)-distinguished if and only if π is (GL2(K), ωE/F ◦NK/F ◦ det)-distinguished;
(ii) there exists an identity
dimHomGSO(V )(Σ, ωE/F ◦ λV ) = dimHomGL2(K)(π, ωE/F ◦NK/F ◦ det) = |F (φΣ)|
where F (φΣ) = {φ :WDF −→
LHop : φ|WDE = φΣ}.
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Proof. (i) It follows from the diagram
1 // GL1(EK) // GL2(EK)×GL1(E) // GSO(V ⊗F E) // 1
1 // GL1(K)
OO
△
// GL2(K)×GL1(F )
OO
// GSO(V )
OO
// 1
and the assumption χE |F× = 1. Here △(k) = (k,NK/F (k)
−1).
(ii) Note that π is (GL2(K), ωE/F ◦NK/F ◦ det)-distinguished if and only if there exists a representation
ρ of U2(EK/K) such that the L-parameter φρ satisfying
φρ|WDE = φπ :WDE −→ (GL2(C)×GL2(C))⋊Gal(EK/E).
Then ρ⊠ χE is an irreducible representation of H
op(F ) and φρ⊠χE |WDE = φΣ.
This finishes the proof. 
If K = E, then GSO(V ⊗F E) = GSO2,2(E). Let Σ = π1 ⊠ π2 be an irreducible generic representation of
GSO2,2(E) with ωπ1 = ωπ2 . Then
dimHomGSO(V )(Σ,C) =
{
1, if π∨1 = π
σ
2 ;
0, otherwise.
3.2. The Prasad conjecture for SO(V ). Consider
SO(V ) = GL2(K)
♮/F× ∼= GSpin(V )/F×
and K 6= E. Let π be an irreducible representation of SO(V ⊗F E) with trivial central character. There
exists a representation τ of GL2(EK)
♮ with trivial central character such that
dimHomSO(V )(π,C) = dimHomGSpin(V )(τ,C),
where GL2(EK)
♮ = {g ∈ GL2(EK) : det(g) ∈ E
×}. Let Gal(E/F ) = 〈σ〉 = Gal(EK/K) and Gal(K/F ) =
〈s〉 = Gal(EK/E). Note that
GL2(EK)
♮
∼= // GSpin(V ⊗F E)


// (RK/FGL2)(E)
GL2(K)
♮
∼= // GSpin(V )
OO


// (RK/FGL2)(F ).
OO
Assume that τ is GSpin(V )-distinguished. Then there exists a representation τ˜ of GL2(EK) distinguished
by GL2(K). Moreover, the central character ωτ˜ = µ
sµ−1 with µ(−1) = 1 for a character µ of GL1(EK) and
ωτ˜ |K× = 1. Thanks to [AP03, Theorem 1.2], the finite sets
Yτ˜ = {χ : (EK)
×/E× −→ C×|τ˜ ⊗ χ ∼= τ˜},
Zτ˜ = {χ ∈ Yτ˜ |χ|K× = 1} and
Xτ˜ = {χ : K
×/F× −→ C×|HomGL2(K)(τ˜ , χ ◦ det) 6= 0}
play a vital role in computing the multiplicity dimHomGSpin(V )(τ,C) = dimHomSO(V )(π,C).
Lemma 3.2. [AP03, Proposition 4.2] Assume that τ˜ is a square-integrable representation of GL2(EK),
distinguished by GL2(K). Then there exists a bijection between the set Xτ˜ and Zτ˜ .
Proof. Suppose that χ ∈ Xτ˜ . Then there exists a character µ of GL1(EK) such that
HomGL2(K)(τ˜ , χ ◦ det) = HomGL2(K)(τ˜ ⊗ µ,C) 6= 0
and µ|K× = χ
−1. So
(τ˜ ⊗ µ)∨ ∼= (τ˜ ⊗ µ)σ
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where τ˜∨ denotes the contragredient representation of τ˜ . Note that τ˜ is GL2(K)-distinguished. Then τ˜
σ ∼= τ˜∨.
Therefore τ˜∨ ⊗ µ−1 ∼= τ˜σ ⊗ µσ ∼= τ˜∨ ⊗ µσ and so
τ˜ ⊗ χ ◦NEK/K ∼= τ˜ ⊗ (µµ
σ)−1 ∼= τ˜ .
Thus χ ◦NEK/K ∈ Yτ˜ . Observe that χωEK/K /∈ Xτ˜ because τ˜ is square-integrable, which implies that
HomGL2(K)(τ˜ ⊗ µ, ωEK/K ◦ det) = 0.
Moreover, χ ◦NEK/K |K× = χ
2 = 1. Hence χ 7→ χ ◦NEK/K gives an injective map from Xτ˜ to Zτ˜ .
Conversely, if χ ∈ Zτ˜ , then χ
2 = 1 and χs = χ = χσ. There exists a character χF of F
× such that
χ = χF ◦NEK/F . Note that χ|K× = 1 = χ|E× . Then χ
2
F = 1. Set χK = χF ◦NK/F . Then
χK |F× = χ
2
F = 1.
Suppose that χ = µµσ with χK = µ|K× for a character µ of GL1(EK). Then
(τ˜ ⊗ µ)∨ ∼= (τ˜ ⊗ χ⊗ µ)∨ ∼= τ˜∨ ⊗ χ⊗ µ−1 ∼= τ˜σ ⊗ µσ ∼= (τ˜ ⊗ µ)σ
and so τ˜ ⊗ µ is either GL2(K)-distinguished or (GL2(K), ωEK/K)-distinguished, but not both. We map χ
to χK or χKωEK/K accordingly. Clearly the above two maps are inverses of each other. This finishes the
proof. 
Lemma 3.3. If p 6= 2, then Zτ˜ is a singleton.
Proof. Since χ ∈ Yτ˜ , χ is a quadratic character and χ = χ
s where Gal(EK/E) ∼= Gal(K/F ) = 〈s〉. If χ ∈ Zτ˜ ,
then χσ = χ = χs. So χ = χF ◦NEK/F , where χF is a quadratic character of F
×. Thus χ = 1 if p 6= 2. 
If p = 2, then Zτ˜ may not be a singleton. Suppose that |Zτ˜ | > 1. Set
GL2(EK)
+ = GL2(K) ·GL2(EK)
♮.
Moreover, τ˜ |GL2(EK)+ is reducible. Thanks to [AP03, Proposition 3.1], if an irreducible representation Σ of
GL2(EK)
+ is GL2(K)
♮-distinguished, then Σ has a Whittaker model with respect to a nontrivial character
ψ0 of EK/K. Furthermore, exactly one constituent of the restriction of τ˜ to GL2(EK)
+ is ψ0-generic.
Corollary 3.4. If p 6= 2 and π is SO(V )-distinguished, then dimHomSO(V )(π,C) = 1.
If p = 2, then
dimHomSO(V )(π,C) =
|Xτ˜ |
|Yτ˜ |/|Zτ˜ |
due to [Pra15, Lemma 22].
Proposition 3.5. Assume that τ is a principal series representation of GL2(EK)
♮ with associated represen-
tation π of SO(V ⊗F E), distinguished by GSpin(V ). Then dimHomSO(V )(π,C) ∈ {1, 2, 3, 4}.
Proof. If p 6= 2, then ωτ˜ = 1. There are two cases:
• If τ˜ = π(µ−1, µσ), then τ˜ |GL2(EK)♮ is irreducible unless µ
σµ = χF ◦NEK/F with χ
2
F = ωE/F . So
dimHomSO(V )(π,C) =
{
1, if µσµ = χF ◦NEK/F , χ
2
F = ωE/F ;
2, otherwise.
• If τ˜ = π(µ1, µ2) with µ1 6= µ2 and µ1|K× = µ2|K× = 1, then τ˜ |GL2(EK)♮ is irreducible and
dimHomSO(V )(π,C) = dimHomGSpin(V )(τ,C) = 1.
If p = 2, then τ˜ |GL2(EK)+ may be reducible. There is only one constituent in τ˜ |GL2(EK)+ distinguished by
GSpin(V ). Moreover, if µσµ = χF ◦NEK/F 6= 1 with χ
2
F = 1, there are two representations in the L-packet
Πφπ and only one of them is SO(V )-distinguished with multiplicity 4. Similarly, if µ1 = µ2 ·χF ◦NEK/F 6= µ2
with µ1|K× = 1 = χ
2
F , then dimHomSO(V )(π,C) = 3. 
Note that there exists a unique pure inner form of SO(V ).
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Theorem 3.6 (The Prasad conjecture for SO(V )). Let π be an irreducible representation of SO(V ⊗F E) =
GSpin3,1(E)/E
×. There exists an identity
2 · dimHomSO(V )(π,C) =
∑
φ∈F (φπ)
m(λ, φ)
deg Φ(φ)
d0(φ)
where F (φπ) = {φ :WDF −→ O4(C) : detφ = ωK/F and φ|WDE = φπ}.
Proof. Suppose that p 6= 2 and π is SO(V )-distinguished and square-integrable. Then
dimHomSO(V )(π,C) = |Xτ˜ |.
Thanks to [Lu17, Theorem 2.5.2], there exists a representation ρ of GL2(K) such that
φρ|WDE = φτ˜ :WDE −→ (GL2(C)×GL2(C))⋊Gal(EK/E)
∼= L(RK/FGL2).
Note that there is a natural group embedding GSpin(V ) →֒ RK/F (GL2). Let
p : L(RK/FGL2) −→ GO4(C)
be the natural quotient map between two L-groups. In fact, the Asai lift AsK/F (ρ) (in the sense of [GGP11,
§7]) of ρ lies in the L-packet Πp◦φρ of GSpin(V ) ⊂ GL4(F ). Then
φ = AsK/F (ρ) = p ◦ φρ : WDF → O4(C)
and φ|WDE = φπ . There are several subcases:
• If τ˜ is square-integrable, then there are two lifts φ and ωE/F ⊗ φ for φπ .
• If φτ˜ = µ
−1 + µσ, then µ = µσ since ωτ˜ = 1. There exists a character χK of WK such that
χK |WEK = µ. Set
φρ = χK + χ
−1
K .
Then p ◦ φρ = AsK/F (ρ) ∈ F (φπ). If µ
2 6= χF |WEK with χ
2
F = ωE/F , then φρ′ = χKωE/F |WK ⊕ χ
−1
K
induces another lifts p ◦ φρ′ ∈ F (φπ). Therefore
F (φπ) =
{
{φ, ωE/F ⊗ φ}, if µ
2 = χF |WEK , χ
2
F = ωE/F ;
{φ, ωE/F ⊗ φ,AsK/F (ρ
′), ωE/F ⊗AsK/F (ρ
′)}, otherwise.
Here φ = p ◦ φρ. Suppose that µ
2 = χF |WEK with χ
2
F = ωE/F . Then Sφπ = µ2 and
Sφ = 1 →֒ Sφπ .
Inside the L-packet Πφπ , there are two elements and both are SO(V )-distinguished.
• If φτ˜ = µ1 + µ2 with µ1 6= µ2 and µ1|K× = µ2|K× = 1, then there exists a square-integrable
representation ρ of GL2(K) such that φρ|WDE = φτ˜ . Hence F (φπ) = {φ, ωE/F ⊗ φ}.
If p = 2, then ωτ˜ = χ
′
F ◦NEK/F with (χ
′
F )
2 = 1. Suppose ωτ˜ 6= 1. Then χ
′
F corresponds to a quadratic field
E4 of F which is not contained in EK, which happens only when p = 2.
• If τ˜ is square-integrable, then dimHomSO(V )(π,C) is either 1, 2 or 4. This case is very similar to the
situation when we study the Prasad conjecture for SL2 in [Lu18b]. So we omit it here.
• If φτ˜ = µ
−1 + µσ, then
φπ|WDEK =
1
µµs
(
1
µµσ
)
⊗
(
1
µsµsσ
)
.
Note that µσ = µ · χ′F |WEK and so (µµ
s)σ = µµs. Assume that µµs = χ′′F |WEK for a character χ
′′
F of
WF . Suppose that dimHomSO(V )(π,C) = 2. Then
F (φπ) = {(χ
′′
F )
−1 ⊗ p ◦ φρ1 , (χ
′′
F )
−1ωE/F ⊗ p ◦ φρ1 , (χ
′′
F )
−1 ⊗ p ◦ φρ2 , (χ
′′
F )
−1ωE/F ⊗ p ◦ φρ2}
where φρ1 = ωE/F |WK + µ|K× and φρ2 = 1+ µ|K× .
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If dimHomSO(V )(π,C) = 4, then µµ
σ = χF ◦NEK/F with χ
2
F = 1. On the Galois side,
F (φπ) =
2⋃
i=1
⋃
z1,z2∈{0,1}
{(χ′′F )
−1χz1F ω
z2
E/F ⊗AsK/F (ρi)}.
There are two elements inside the L-packet Πφπ and only one member is SO(V )-distinguished. For
any φ ∈ F (φπ),
Sφ = µ2 ∼= Sφπ
and there is only one character λ of Sφπ such that λ|Sφ contains the trivial character.
• If φτ˜ = µ1 + µ2 with µ1 = µ2 · χF ◦ NEK/F and χ
2
F = 1, then µ
2
1 = (χFχ
′
F )|WEK since µ1 · µ2 =
χ′F |WDEK . So
φπ|WDEK = µ1µ
s
1
(
1
χF |WEK
)
⊗
(
1
χF |WEK
)
.
Note that µ1 = ν
σ
1 ν
−1
1 for a character ν1 of (EK)
× and so
(µ1µ
s
1)
σ = µ−11 (µ
s
1)
−1 = ν1ν
s
1(ν
σ
1 ν
sσ
1 )
−1 = νσ1 ν
sσ
1 (ν1ν
s
1)
−1 = µ1µ
s
1.
There exists χ′′′F such that µ1µ
s
1 = χ
′′′
F ◦NEK/F and there are 6 lifts for φπ. Set ρ1 = 1+χF |WK and
ρ2 = ωE/F |WK + χF |WK and ρ3 = Ind
WK
WEK
ν where νσ = ν · χF ◦NEK/F , then
F (φπ) =
3⋃
i=1
{χ′′F ⊗AsK/F (ρi), χ
′′
FωE/F ⊗AsK/F (ρi)}.
In fact, ν = νσ1 ν2 where µi = ν
σ
i ν
−1
i for i = 1, 2 and dimHomSO(V )(π,C) = 3 in this case.
We have finished the proof. 
If K = E, then the representation τ˜ = π1×π2 of GL2(E)×GL2(E) is GSpin(V )-distinguished if π
∨
1 = π
σ
2 ,
where π1 and π2 are irreducible representations of GL2(E). Set
Xτ˜ = {χ : E
×/F× −→ C×|HomGL2(E)(τ˜ , χ ◦ det) 6= 0},
Yτ˜ = {χ : E
× → C×|πi ⊗ χ = πi for i = 1, 2} and Zτ˜ = {χ ∈ Yτ˜ : χ|E1 = 1}. Note that
GSpin2,2(E) // GL2(E)×GL2(E)
GSpin(V )
OO
// (RE/FGL2)(F )
g 7→(g,σ(g))
OO
where GSpin2,2(E) = {(g1, g2) ∈ GL2(E)×GL2(E) : det g1 = det g2}.
Assume that π is an irreducible representation of SO(V ⊗F E) distinguished by SO(V ), associated to
τ˜ = π1 × π2 with ωπ1 = ω
−1
π2 and π
∨
1 = π
σ
2 , where ωπi is the central character of πi. Then
dimHomSO(V )(π,C) =
|Xτ˜ |
|Yτ˜ |/|Zτ˜ |
.
Suppose χ ∈ Xτ˜ . Then π1 ⊗ χ ∼= π1 and χ|F× = 1. Let τ ⊂ τ˜ |GSpin2,2(E) be a GSpin(V )-distinguished
representation of GSpin2,2(E). Denote τ
ǫ the conjugate representation of τ , i.e.,
τ ǫ(g1, g2) = τ(g1,
(
ǫ
1
)−1
g2
(
ǫ
1
)
)
for (g1, g2) ∈ GSpin2,2(E) and ǫ ∈ F
× \NE/FE
×.
Lemma 3.7. Suppose that τ is an irreducible SO(V )-distinguished representation of GSpin2,2(E) contained
in τ˜ |GSpin2,2(E) and |Yτ˜ | = |Zτ˜ | 6= |Xτ˜ |. Then
dimHomSO(V ′)(τ,C) = 0
where H ′(F ) = SO(V ′) is the nontrivial pure inner form of H(F ) = SO(V ).
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Proof. By the assumption, there exists χ ∈ Zτ˜ such that χ = χF ◦NE/F with χ
2
F = ωE/F . Suppose that
G♮ = {(g1, g2) ∈ GL2(E)×GL2(E) : NE/F (det g1) = NE/F (det g2)}.
There is only one constituent in τ˜ |G♮ distinguished by GSpin(V ). Since τ is SO(V )-distinguished, τ
ǫ is not
SO(V )-distinguished. Thus,
dimHomSO(V ′)(τ,C) = dimHomSO(V )(τ
ǫ,C) = 0.

Theorem 3.8. The Prasad conjecture holds for SO(V ) when the discriminant aglebra of V equals to E.
Proof. Assume that π is square-integrable. Let τ˜ = π1×π2 with ωπ1 = ω
−1
π2 and π
∨
1 = π
σ
2 . Then each central
character ωπi is Gal(E/F )-invariant and there exists a character χF such that χF ◦NE/F = ω
−1
π1 . Then
• If π1 ∼= π2, then π
∨
1
∼= πσ1 and φπ = φπ1 ⊗ φπ1 = (detφπ1 ⊗ Ad(φπ1)) ⊕ detφπ1 . Moreover detφπ1 is
a quadratic character of WE and is conjugate-orthogonal. So χ
2
F = 1. Thanks to [Lu18b, Theorem
1.2], there exists an identity
dimHomSO(V )(π,C) = |{φ :WDF −→ PGL2(C)|φ|WDE = Ad(φπ1)}| = |{φ1, φ2, · · · , φr}|
both equal to r = |Xτ˜ ||Yτ˜ |/|Zτ˜ | (which may be either 1, 2 or 4). Then
F (φπ) =
r⋃
i=1
{χF ⊗ (φi ⊕ ωE/F ), ωE/FχF ⊗ (φi ⊕ ωE/F )}.
• If π2 = π1 ⊗ χ for a character χ of E
× and π1 6= π2, then Xτ˜ ⊂ Zτ˜ ⊂ Yτ˜ ,
φπ = (C⊕Ad(φπ1))⊗ χ detφπ1 ,
and π1 ⊗ χ = (π
σ
1 )
∨. So χ · ωπ1 is a quadratic character of E
×. If χ = χσ, then it coincides
with the previous case. Assume that χ 6= χσ. Then χσχ−1 is a nontrivial quadratic character and
χσχ−1 ∈ Zτ˜ ∩Xτ˜ since π
∨
1 = π
σ
2 = π
σ
1 ⊗ χ
σ = π∨2 ⊗ χ
σ = π∨1 ⊗ χ
σχ−1. Therefore
dimHomSO(V )(π,C) =
{
1, if |Yτ˜ | = 4, |Zτ˜ | = 2;
|Xτ˜ |, if |Yτ˜ | = |Zτ˜ |.
On the Galois side, if dimHomSO(V )(π,C) = 1, then |F (φπ)| = |Zτ˜ | and
F (φπ) = {χFAsE/F (φ1)ν, ν ◦NE/F ∈ Zτ˜}
where AsE/F (φ1) = ωE/FAsE/F (φ1) due to the fact tr(φ1(ℓ
2)) = 0, where ℓ ∈WF \WE is fixed.
If |Yτ˜ | = |Zτ˜ | 6= |Xτ˜ |, then dimHomSO(V ′)(π,C) = 0 and
F (φπ) =
⋃
z∈{0,1}
{χFAsE/F (φ1)ν
z
i , νi ◦NE/F ∈ Zτ˜}.
• If π1 6= π2 ⊗ χ for any character χ, then |Yτ˜ | is either 1 or 2 and φπ = (φπ1 ⊗ φπσ1 )
1
detφπ1
. Set
φ(g) =
{
φπ(g) if g ∈WDE ;
1⊗ φπ1(ℓ
2)χF (ℓ) · σ if g = ℓ ∈WF \WE .
Then
φ = χFAsE/F (π1) ∈ F (φπ).
If Zτ˜ = 〈χ ◦NE/F : χ
2 = ωE/F 〉, then dimHomSO(V )(π,C) =
1
2/2 = 1, HomSO(V ′)(π,C) = 0 and
F (φπ) = {AsE/F (π1)⊗ χF }.
Because π1 ⊗ χ ◦NE/F ∼= π1 with χ
2 = ωE/F ,
tr(φπ1 (ℓ
2)) = χ(s2)tr(φπ1 (ℓ
2)) = −tr(φπ1(ℓ
2)).
Then tr(φπ1 (ℓ
2)) = 0 and AsE/F (π1) = ωE/F · AsE/F (π1).
10 HENGFEI LU
Suppose that Zτ˜ = 〈χ ◦NE/F : χ
2 = 1〉; then dimHomSO(V )(π,C) = 2 and
F (φπ) =
⋃
z,z′∈{0,1}
{φ⊗ χz, φ⊗ χz
′
ωE/F}.
If |Yτ˜ | = |Zτ˜ | = 2, then only one member inside the L-packet Πφπ is SO(V )-distinguished.
If π is not square-integrable, then both π1 and π2 are principal series representations. Suppose that
φπi = µ1i ⊕ µ2i
for i = 1, 2. Then µ11µ21µ12µ22 = 1 and µj1µ
σ
j2 = 1 for j = 1, 2. Note that Yτ˜ = Zτ˜ and
dimHomSO(V )(π,C) =
{
2, if µ11µ
−1
21 = ν ◦NE/F , ν
2 = 1;
1, otherwise.
The Langlands parameter
φπ = µ11µ12 ⊕ µ11µ22 ⊕ µ21µ12 ⊕ µ21µ22
and µ11µ21 is Gal(E/F )-invariant. There exists a character χF such that µ11µ21 = χ
−1
F ◦NE/F . Then
F (φπ) = {χFω
z
E/FAsE/F (π1)ν
z′
i , where z, z
′ ∈ {0, 1} and νi ◦NE/F ∈ Xτ˜}.
Note that if µ11µ
−1
21 = ν ◦NE/F with ν
2 = ωE/F . Then HomSO(V ′)(π,C) = 0,
AsE/F (π1) = ωE/F ⊗AsE/F (π1)
and |F (φπ)| = 1. Thus the Prasad conjecture for SO(V ) holds. 
3.3. The Prasad conjecture for GSO2,2. Let V be a 4-dimensional quadratic space over F with trivial dis-
criminant and split (resp. non-split) special orthogonal group SO(V ), denoted by SO2,2(F ) (resp. SO4,0(F )).
The special orthogonal similitude group (denoted by GSO2,2(F )) is given by
GSO2,2(F ) =
{
g ∈ GL4(F )|g


1
1
1
1

 gt = λV (g)


1
1
1
1


}
∼=
GL2(F )×GL2(F )
{(t, t−1) : t ∈ F×}
.
There is a unique nontrivial pure inner form of GSO2,2 in H
1(F,GSO2,2), denoted by GSO4,0.
If H = GSO2,2, then χH = ωE/F and
Hop(F ) =
U2 ×U2
{(e, e−1) : e ∈ U1}
.
We denote by USO2,2 the group H
op if H = GSO2,2. Then
LUSO2,2 = GSpin2,2(C)⋊ 〈σ〉 where
GSpin2,2(C) = {(g1, g2) ∈ GL2(C)×GL2(C) : det(g1) = det(g2)}
and the action of σ on GSpin2,2(C) is given by
σ(g1, g2) = (det(g1)
−1 · g1, det(g2)
−1 · g2)
for (g1, g2) ∈ GSpin2,2(C).
Theorem 3.9. Let E be a quadratic field extension of a nonarchimedean local field F with associated Galois
group Gal(E/F ) = {1, σ} and associated quadratic character ωE/F . Assume that Σ = π1⊠π2 with ωπ1 = ωπ2
is an irreducible generic representation of GSO2,2(E) with an L-parameter φΣ. Then
(i) If Σ is (H(F ), χH)-distinguished, then Σ
∨ ∼= Σσ and there exists a Langlands parameter φ of
USO2,2(F ) such that φ|WDE = φΣ.
(ii) If φΣ = φτ |WDE for an irreducible representation τ of USO2,2(F ), then Σ is (H(F ), χH)-distinguished.
(iii) Suppose F (φΣ) = {φ :WDF −→
LHop : φ|WDE = φΣ}. Then there is an identity
(3.1) dimHomGSO2,2(F )(Σ, ωE/F ) + dimHomGSO4,0(F )(Σ, ωE/F ) =
∑
φ∈F (φΣ)
degΦ(φ)
d0(φ)
.
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Proof. Recall that φΣ = (φπ1 , φπ2) with det(φπ1) = det(φπ2).
(i) Note that
dimHomH(F )(Σ, χH) = dimHomGL2(F )(π1, ωE/F ) · dimHomGL2(F )(π2, ωE/F ).
If Σ is (H(F ), χH)-distinguished, then both φπ1 and φπ2 are conjugate-symplectic and so π
∨
i = π
σ
i .
Thus Σ∨ ∼= Σσ and there exist two representations ρ1 and ρ2 of U2 such that φρi |WDE = φπi for
i = 1, 2. Then φ = (ρ1, ρ2) is what we want.
(ii) If φΣ = φτ |WDE = (ρ1, ρ2)|WDE , then φπi = ρi|WDE is conjugate-symplectic for i = 1, 2. Therefore
each πi is (GL2(F ), ωE/F )-distinguished and Σ is (H(F ), χH)-distinguished.
(iii) Suppose that Σ is (H(F ), χH)-distiguished. Otherwise, both sides of (3.1) will be zero. We divide
them into two cases:
• If neither φπ1 nor φπ2 is of the form χ1 + χ2 with χ1|F× = χ2|F× = ωE/F and χ1 6= χ2, then
there are two parameters (φρ1 , φρ2) and (φρ1ωE/F , φρ2 ) of H
op(F ) in F (φΣ).
• If φπ1 = χ1 + χ2 with χ1|F× = χ2|F× = ωE/F and χ1 6= χ2, then there is only one lift for φΣ.
In this case, dimHomH(F )(Σ, χH) = 1 and HomD(π1, ωE/F ) = 0 where D is the inner form of
GL2(F ). Thus dimHomGSO4,0(F )(Σ, ωE/F ) = 0.
In all cases, degΦ(φ) = 1 for φ ∈ F (φΣ).
Then we have finished the proof. 
3.4. The Prasad conjecture for SO2,2. Recall that if H = SO2,2, then χH = 1 and H
op = SO2,2.
Proof of Theorem 1.1 when H = SO2,2. (i) If π is SO2,2(F )-distinguished, then there exists a represen-
tation Σ = π1 ⊠ π2 of GSO2,2(E), distinguished by GSO2,2(F ), such that π ⊂ Σ|SO2,2(E). So
φπ = φ
∨
π1 ⊗ φπ2 and both φπ1 and φπ2 are conjugate-orthogonal. Therefore
φπσ = φ
∨
πσ
1
⊗ φπσ
2
= φπ1 ⊗ φ
∨
π2 = φ
∨
π .
Suppose that ωπ1 = ωπ2 = χ
σχ−1 for a character χ of E×. Due to [Lu17, Theorem 2.5.2], there
exist two representation ρi of GL2(F ) such that φρi |WDE = φπi⊗χ and detφρ1 = detφρ2 . Then
φ = φ∨ρ1 ⊗ φρ2 is what we need.
(ii) Assume that φπ = φτ |WDE , where τ is an irreducible representation ofH(F ). Choose a representation
τ˜ of USO2,2 such that τ ⊂ τ˜ |SO2,2(F ). Suppose that Σ is a representation of GSO2,2(E) satisfying
φΣ = φτ˜ |WDE . Due to Theorem 3.9, Σ is H(F )-distinguished and Σ|SO2,2(E) ⊃ π. Thanks to [AP03,
Proposition 3.1], π is H(F )-distinguished if and only if π is ψ0-generic. Then we are done.
(iii) We separate them into several cases:
(A) Suppose that the representation π is square-integrable. Then π is SO2,2(F )-distinguished if and
only if π is SO4,0(F )-distinguished. Assume that Σ = π1 ⊠ π2 is a GSO2,2(F )-distinguished
representation of GSO2,2(E) and Σ|SO2,2(E) ⊃ π. Then each πi is GL2(F )-distinguished. Set
XΣ = {χ : F
× → C×|HomGSO2,2(F )(Σ, χ ◦ λV ) 6= 0},
YΣ = {χ : E
× → C×|Σ⊗ χ = Σ} and ZΣ = {χ ∈ YΣ|χ|F× = 1}. Note that there is a bijection
between XΣ and ZΣ. Moreover, following [Pra15, Lemma 22], one has
dimHomH(F )(π,C) =
|XΣ|
|YΣ|/|ZΣ|
.
(A1) If π1 = π2 ⊗ χ with χ necessarily quadratic, then φπ = χAd(φπ1) ⊕ χ and χ|F× = 1.
Hence there exists a quadratic character χF of WF such that χF |WE = χ. Note that
HomSL2(F )(π1,C) 6= 0. Due to [Lu18b, Theorem 1.2], there exists an identity
|XΣ|
|YΣ|/|ZΣ|
= |{φ :WDF −→ PGL2(C)|φ|WDE = Ad(φπ1 )}| = |{φ1, φ2, · · · , φr}| = r
where r = 1, 2 or 4 and so
F (φπ) =
r⋃
i=1
{χF (φi ⊕ C), χFωE/F (φi ⊕ C)}.
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Hence |F (φπ)| = 2 · dimHomH(F )(π,C).
(A2) If π1 6= π2 ⊗ χ, then |YΣ| = |ZΣ| = 1 or 2. Suppose that φ ∈ F (φπ). Then
F (φπ) =
⋃
χi∈XΣ
{φ⊗ χi, φ⊗ χiωE/F }.
Inside the L-packet Πφπ , only one member is SO2,2(F )-distinguished since |YΣ| = |ZΣ|.
(B) If Σ is not square-integrable and π1 = π(χ1, χ2) with χ1 6= χ2 and χ1|F× = χ2|F× = 1, then
φ = φ⊗ ωE/F
where φ = φ∨ρ1 ⊗ φρ2 since φρ1 = φρ1 ⊗ ωE/F . In this case, π is distinguished by SO2,2(F ), not
distinguished by SO4,0(F ) unless χ1 = χ2 · χF ◦NE/F with χ
2
F = 1. If it happens, then
|YΣ|
|ZΣ|
· dimHomSO4,0(F )(π,C) = |{χ : F
× → C×|HomGSO4,0(F )(Σ, χ ◦ λV ) 6= 0}|.
Suppose that χ1 = χ2 · χF ◦NE/F with χ
2
F = 1.
• If π2 is a square-integrable representation, then XΣ = {1, χF } and
dimHomSO2,2(F )(π,C) =
{
2, if π2 is dihedral with respect to χF ◦NE/F ;
1, otherwise.
If π2 = π2 ⊗ χF ◦NE/F , then dimHomSO4,0(F )(π,C) = 1. On the Galois side,
(χ−11 ⊗ π2)
σ = χ1 ⊗ π
σ
2
∼= χ1 ⊗ π
∨
2
∼= χ−12 ⊗ π2
∼= χ−11 ⊗ π2.
There exists a parameter ρ :WDF −→ GL2(C) such that ρ|WDE = χ
−1
1 ⊗ φπ2 . Thus
F (φπ) = {φ = φ
∨
ρ1 ⊗ φρ2} ∪
1⋃
z=0
{(ρ⊕ ρ∨)ωzE/F }.
Note that φ = φ⊗ ωE/F ; then it picks up the trivial pure inner form.
• If π2 is reducible, then
dimHomSO2,2(F )(π,C) =
{
3, if π2 = π(χ, χ · χF ◦NE/F ), χ|F× = 1;
1, otherwise.
If π2 = π(χ, χ · χF ◦ NE/F ) with χ|F× = 1, then dimHomSO4,0(F )(π,C) = 2. Note
that χ21 = χ
2. Then χχ−11 is a Gal(E/F )-invariant quadratic character. Suppose that
χχ−11 = χ
′
F ◦NE/F with (χ
′
F )
2 = 1. There are 5 parameter lifts for
φπ = 2χ
′
F |WE ⊕ 2(χFχ
′
F )|WE .
Inside the finite set F (φπ), there exists a discrete parameter for SO2,2(F ), i.e.
φ = χ′F (C⊕Ad(Ind
WF
WE
ν))
with νσ = ν · χF ◦NE/F , which picks up the trivial pure inner form in H
1(F, SO2,2).
(C) If neither π1 nor π2 is of the form π(χ1, χ2) with χ1 6= χ2 and χ1|F× = χ2|F× = 1, then
π1 = π(µ
−1
1 , µ
σ
1 ) and π2 = π(µ
−1
2 , µ
σ
2 ) or π2 is a square-integrable representation.
(C1) If π2 is square-integrable, then dimHomH(F )(π,C) = 1 and
F (φπ) = {φ
∨
ρ1 ⊗ φρ2 , ωE/Fφ
∨
ρ1 ⊗ φρ2}.
(C2) If π2 = π(µ
−1
2 , µ
σ
2 ), then µ1µ
σ
2 = µ
σ
1µ2. There are several subcases:
(C2a) If either µσ1µ1 6= µ
σ
2µ2, or µ
σ
1µ1 = 1 = µ
σ
2µ2, or µ
σ
1µ1 = µ
σ
2µ2 is not a quadratic
character, then Σ|SO2,2(E) is irreducible and
dimHomSO2,2(F )(π,C) = 2 = dimHomSO4,0(F )(π,C).
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(C2b) If µσ1µ1 = µ
σ
2µ2 = χF ◦ NE/F with χ
2
F = ωE/F , then dimHomH(F )(π,C) = 1. On
the Galois side,
φπ = µ1µ
σ
2 ((C⊕ χF |WE )⊗ (C⊕ χF |WE )) = µ1µ
σ
2 (2χF |WE ⊕ 2C).
There is a quadratic character χ of WF such that χ|WE = µ1µ
σ
2 . Then
F (φπ) = {χ⊗ (χ
−1
F ⊕ C⊕ χF ⊕ C), χωE/F ⊗ (χ
−1
F ⊕ C⊕ χF ⊕ C)}.
(C2c) If µσ1µ1 = µ
σ
2µ2 = χF ◦NE/F 6= 1 with χ
2
F = 1, then
dimHomH(F )(π,C) =
{
2, if µ1 6= µ2;
3, if µ1 = µ2.
If µ1 = µ2 · χ ◦NE/F with χ
2 = ωE/F , then dimHomSO4,0(F )(π,C) = 2 and
φπ = χ|WE ⊗ (2χF |WE ⊕ 2C).
In this case, F (φπ) = {φ = χ ⊗ (χFωE/F ⊕ C ⊕ χF ⊕ ωE/F )} is a singleton and
degΦ(φ) = 4.
If µ1 = µ2 and µ
σ
1µ1 = χF ◦ NE/F , then dimHomSO4,0(F )(π,C) = 2. On the Galois
side, there are four obvious lifts for φπ : 2χF ⊕ 2C, 2χF ⊕ 2ωE/F , 2χFωE/F ⊕ 2C and
2χFωE/F ⊕ 2ωE/F . Suppose that ν
σ = ν · χF ◦NE/F . Then χF ⊗ (C⊕Ad(Ind
WF
WE
ν)) lies
in F (φπ) and it picks up the trivial pure inner form.
Then we have finished the proof.

4. The Prasad conjecture for Sp4
This section focuses on the proof for Theorem 1.2. Let us recall the Prasad conjecture for GSp(4) over a
quadratic field extension E/F . If H = GSp4, then χH = ωE/F and H
op = USp4, where
Hop(F ) = {g ∈ GSp4(E)|λW (g)
−1g = σ(g)}.
Theorem 4.1. [Lu18a, Theorem 3.4.6] Let E be a quadratic field extension over a nonarchimedean local field
F . Given a tempered representation τ˜ of GSp4(E) with an enhanced L-parameter (φτ˜ , λ), then
dimHomGSp4(F )(τ˜ , ωE/F ) =
∑
φ∈F (φτ˜ )
m(λ, φ)
deg Φ(φ)
d0(φ)
where
• F (φτ˜ ) = {φ : WDF −→
LHop|φ|WDE = φτ˜};
• m(λ, φ) is the multiplicity of the trivial character of Sφ contained in λ|Sφ ;
• d0(φ) = |Coker{Sφ −→ S
Gal(E/F )
φτ˜
}|.
In particular, if τ˜ is tempered and nongeneric, then HomGSp4(F )(τ˜ , ωE/F ) = 0.
Remark 4.2. We will say that the Langlands parameter φτ˜ is conjugate-orthogonal if the composite
i ◦ φτ˜ :WDE −→ GL4(C)
is conjugate-orthogonal in the sense of [GGP11, §3], where i : GSp4(C) −→ GL4(C) is the natural embed-
ding. Then the generic tempered representation τ˜ of GSp4(E) is GSp4(F )-distinguished if and only if φτ˜ is
conjugate-orthogonal. We will identify the characters of F× and the characters of WF by the local class field
theory.
Theorem 4.3. [Lu18a, Theorem 3.3.8] Let τ˜ be a generic tempered representation of GSp4(E), distinguished
by GSp4(F ). Set φ0 = χ1 ⊕ χ2 with χ1 6= χ2 and χ1|F× = χ2|F× = 1. Then
(4.1) dimHomGSp4(F )(τ˜ ,C) =
{
2, if φτ˜ = φ1 ⊕ φ2(endoscopic case) with φi 6= φ0 conjugate-orthogonal;
1, otherwise.
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Remark 4.4. The identity (4.1) could be very useful when we study the multiplicity dimHomSp4(F )(τ,C) for
a generic representation τ of Sp4(E).
Suppose that τ is a Sp4(F )-distinguished representation of Sp4(E). Let τ˜ be a GSp4(F )-disitinguished
representation of GSp4(E) and τ˜ |Sp4(E) ⊃ τ . Fix a nontrivial additive character ψ0(e) = ψ(trE/F (δe)) for
e ∈ E where E = F [δ] with δ2 ∈ F× \ F×
2
. Set
GSp4(E)
♮ = {g ∈ GSp4(E)|λW (g) ∈ F
×}.
Let π be a generic smooth representation of GSp4(E). Consider the restriction of π to GSp4(E)
♮ and write
it as a direct sum of irreducible representations:
π|GSp4(E)♮ = π
+ ⊕⊕i∈Iπi
where π+ is ψ0-generic and πi’s are not ψ0-generic. Note that the finite set I may possibly be empty.
Let π0 be a representation of GSp4(E)
♮, define
(π0)δ(g) = π0(g−1δ ggδ)
for g ∈ GSp4(E), where gδ ∈ GSp4(E) with similitude λW (gδ) = δ.
Proposition 4.5. [AP03, Theorem 1.1] Let π be an irreducible, smooth, generic and tempered representation
of GSp4(E). Then π is Sp4(F )-distinguished if and only if π
+ is Sp4(F )-distinguished.
Proof. It suffices to show that if (π0)δ is a Sp4(F )-distinguished representation of GSp4(E)
♮, then (π0)δ
has a Whittaker model with respect to a nontrivial additive character of N(E) which is trivial on N(F ),
where N ⊂ Sp4 is a unipotent subgroup. Without loss of generality, we may assume that (π
0)δ is GSp4(F )-
distinguished. Due to [Lu17, Theorem 4.2.18],
dimHomGSp4(F )((π
0)δ,C) = dimHomGO3,3(F )(Θ
3,3
ψE
(π0),C) + dimHomGO4,0(F )(Θ
2,2
ψE
(π0),C)
where Θn,nψE (π
0) is the big theta lift from GSp4(E)
♮ to GOn,n(E)
♮ for n = 2, 3. (See [Lu17, §4.2] for
more details.) Then Θ3,3ψE(π
0) is GO3,3(F )-distinguished. Moreover, Θ
3,3
ψE
(π0)|GSO3,3(E)♮ is irreducible and is
GSO3,3(F )-distinguished. Suppose that Θ
3,3
ψE
(π0)|GSO3,3(E)♮ = Π⊠χ, where Π is an irreducible representation
of
GL4(E)
♮ = {g ∈ GL4(E)| det(g) ∈ F
×}.
Due to Lemma 4.7 (below), the representation Θ3,3ψE (π
0) is ψ0-generic and so is its theta lift θψ0(θ
3,3
ψE
(π0)) =
(π0)δ, i.e. (π0)δ has a Whittaker model with respect to ψ0. 
Remark 4.6. Proposition 4.5 is the key statement used in [AP03, AP18] to verify the Prasad conjecture for
SLn. It will be the key result used in this paper for the proof of Theorem 1.2 as well.
Set GL4(E)
♮ = {g ∈ GL4(E)| det(g) ∈ F
×} and let N ⊂ GL4 be a unipotent subgroup.
Lemma 4.7. [AP18, Lemma 4.2] Let Π be a generic tempered representation of GL4(E)
♮, distinguished by
GL4(F ). Then Π has a Whittaker model for a nondegenerate character ψ0 : N(E)/N(F ) −→ C
×.
It follows from the fact that l ∈ HomGL4(F )(Π,C) can be written uniquely (up to a scalar) as
W 7→
∫
N(F )\P1(F )
W (pg)dp
where P1(F ) is the mirabolic subgroup of GL4(F ), the subgroup of GL4(F ) with last row (0, · · · , 0, 1) and
W is a Whittaker function in Π. (See [AM17, Theorem 1.1].)
Lemma 4.8. Let π be a GL2(F )-distinguished supercuspidal representation of GL2(E). If there exists a
unique nontrivial quadratic character χ such that π ⊗ χ ∼= π, then χ|F× = 1.
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Proof. If χ|F× 6= 1, then HomGL2(F )(π, χ|F×) 6= 0. Since π is supercuspidal, HomGL2(F )(π, ωE/F ) = 0 and
χ|F× 6= ωE/F . Hence (π ⊗ χ)
σ = (π ⊗ χ)∨. Note that π∨ = πσ. Then
π∨ = π∨ ⊗ χσχ
and χσχ 6= 1, which contradicts the assumption that there exists a unique character χ satisfying π⊗χ = π. 
Lemma 4.9. Let π be a GL2(F )-distinguished supercuspidal representation of GL2(E). If π ⊗ χ ∼= π and
χ|F× = χF 6= 1, then π ⊗ χF ◦NE/F ∼= π.
Proof. Since π is GL2(F )-distinguished, the L-parameter φπ is conjugate-orthogonal. So is φπ ⊗ χ. Then
φ∨π = φπσ and (φπ)
∨ ⊗ χ = (φπσ )⊗ χ
σ. So
φπ = φπ ⊗ χχ
σ = φπ ⊗ χF |WE
which means that π ∼= π ⊗ χF ◦NE/F . 
Remark 4.10. Suppose that τ is a SL2(F )-distinguished representation of SL2(E) and
φτ = Ad(φπ) = χ⊕ χF |WE ⊕ χχF |WE .
Then there exists only one lifted parameter
φ = χF ⊕ Ind
WF
WE′
χ′
such that φ|WDE = φτ , where E
′ is a quadratic field extension over F with associated quadratic character
ωE′/F = χF and χ
′ is a character ofWE′ . (See [Lu18b, Page 491].) There are 4 elements in the L-packet Πφτ
and half of them are SL2(F )-distinguished, which is compactible with the fact that the group homomorphism
Sφ = µ2 →֒ Sφτ = µ2 × µ2
is the diagonal embedding and two charactes on Sφτ restricted to Sφ contains the trivial representation. It
can be viewed as the first evidence why m(λ, φ) appears in (1.1) in the Prasad conjecture.
Now we give the proof of Theorem 1.2. Let H = Sp4, χH = 1. Then H
op = Sp4. Fix ℓ ∈ WF \WE . The
proof heavily depends on
• the description of the L-packets for Sp4 in [GT10, §6] and
• the Prasad conjecture for SL2 proved in [Lu18b, Theorem 1.2].
We will use the restriction to Sp4(E) from GSp4(F )-distinguished representations of GSp4(E) to study the
multiplicity dimHomSp4(F )(τ,C), following the methods used by Anandavardhanan and Prasad in [AP03,
AP18]. Compared with the case H = SL2, the L-packets of Sp4 are much more complicated and so the proof
looks much more difficult. However the ideas are essentially the same.
Proof of Theorem 1.2. Assume that τ is a tempered representation of Sp4(E) with an enhanced L-parameter
(φτ , λ), distinguished by Sp4(F ). Suppose that τ˜ is an irreducible tempered GSp4(F )-distinguished repre-
sentation of GSp4(E) such that τ˜ |Sp4(E) ⊃ τ . Let
Xτ˜ = {χ : F
× −→ C×|HomGSp4(F )(τ˜ , χ ◦ λW ) 6= 0},
Yτ˜ = {χ : E
× −→ C×|φτ˜ ⊗ χ = φτ˜} and Zτ˜ = {χ ∈ Y |χ|F× = 1}. Then φ
∨
τ˜ = φτ˜σ and
|Yτ˜ |
|Zτ˜ |
dimHomSp4(F )(τ,C) =
∑
χ∈Xτ˜
dimHomGSp4(F )(τ˜ , χ ◦ λW ).
According to the Langlands parameter φτ˜ , the proof is divided as 3 parts:
• the Langlands parameter φτ˜ is irreducible (see (A));
• the Langlands parameter φτ˜ = ρ⊕ χρ with χ 6= 1 is reducible (see (B));
• the endoscopic case (see (C)).
We will study the multiplicity dimHomSp4(F )(τ,C) case by case.
(A) If φτ˜ is irreducible, then there exists a bijection between the set Xτ˜ and Zτ˜ and so
dimHomSp4(F )(τ,C) =
|Xτ˜ |
|Yτ˜ |/|Zτ˜ |
=
|Zτ˜ |
2
|Yτ˜ |
.
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(A1) If φτ˜ is primitive, then p = 2 and φ
∨
τ
∼= φτ ∼= φτσ . Moreover, there exists A ∈ SO5(C) such
that φτσ (t) = φ
ℓ
τ (t) = φτ (ℓtℓ
−1) = Aφτ (t)A
−1 for t ∈ WE and φτ (ℓ
2) = A2. Set φ(ℓ) = A and
φ(t) = φτ (t) for t ∈ WE . Then φ ∈ F (φτ ) and F (φτ ) = {φ} is a singleton since φτ is irreducible.
In general, if |Yτ˜ | = |Zτ˜ |, then
dimHomSp4(F )(τ,C) = |Zτ˜ |.
In this case, there exist characters
νi :WE −→ C
× (i = 1, 2, · · · , 4)
such that νσi ν
−1
i = sim(φτ˜ ) · χi for χi ∈ Zτ˜ . Then
(φτ˜ ⊗ νi)
ℓ ∼= φ∨τ˜ ⊗ ν
σ
i
∼= φτ˜ ⊗ νiχi ∼= φτ˜ ⊗ νi.
Here we identify the character νℓi of WE and µ
σ
i of E
× by the local class field theory. Thus for
each i, there exists Ai ∈ GSp4(C) such that
φτ˜ (ℓgℓ
−1)νi(ℓgℓ
−1) = Aφτ˜ (g)A
−1νi(g)
for g ∈ WDE. There exists φ˜i :WDF → GSp4(C) such that
φ˜i|WDE = φτ˜ ⊗ νi
for each i. Therefore
F (φτ ) =
|Zτ˜ |⋃
i=1
{p ◦ φ˜i}.
(A2) If |Yτ˜ | = 2|Zτ˜ |, then dimHomSp4(F )(τ,C) =
1
2 |Zτ˜ |. In this case,
Yτ˜ ⊃ 〈χE , χ
σ
E , χF ◦NE/F 〉
and χEχ
σ
E = χF ◦NE/F = χ2 ∈ Zτ˜ . Note that ν
σ
1 ν
−1
1 = sim(φτ˜ ),
φτ˜ ⊗ ν2 = φτ˜ ⊗ χEν2 = φτ˜ ⊗ ν1 · χEν2ν
−1
1
and so
(χEν2ν
−1
1 )
σ = χσE(ν2ν
−1
1 )
σ = χσE · χF ◦NE/F · ν2ν
−1
1 = χEν2ν
−1
1 .
Therefore p ◦ φ˜1 = p ◦ φ˜2 = φ. There are |Yτ˜ | elements inside the L-packet Πφτ and only half of
them are Sp4(F )-distinguished. When |Yτ˜ | = 4, the component group
Sφ = µ2 →֒ Sφτ = µ2 × µ2
is the diagonal embedding.
(A3) If |Yτ˜ | = 4|Zτ˜ |, then Yτ˜ = 〈χE , χ
σ
E , χ
′
E , (χ
′
E)
σ〉 and χ′E |F× 6= χE |F× . In this case,
dimHomSp4(F )(τ,C) = 1
and |F (φτ )| = 1. Moreover, p = 2, |Yτ˜ | = 16 and |Zτ˜ | = 4. On the component group,
Sφ = µ2 × µ2 → Sφτ
is given by (x, y) 7→ (x, x, y, y). There are 4 characters of Sφτ restricted to Sφ containing the
trivial character and so there are 4 representations in Πφτ distinguished by Sp4(F ).
(B) If φτ˜ = ρ⊕ ρχ with similitude character sim(φτ˜ ) = χ · det ρ and χ 6= 1, then φτ = χ⊕ χ
−1 ⊕Ad(ρ).
There are several subcases.
(B1) If χ2 = 1 and ρ is irreducible, then φτ = 2χ⊕Ad(ρ).
(a) If ρ is conjugate-orthogonal and irreducible and so χ|F× = 1, then χ = χ
σ = χF ◦NE/F .
(a1) If ρ = ρχ, then Ad(ρ) :WDE −→ SO3(C) is reducible and
dimHomSp4(F )(τ,C) =
{
2, if |Yτ˜ | = 4, |Zτ˜ | = 2;
2 · |Zτ˜ |, if |Yτ˜ | = |Zτ˜ |.
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• When dimHomSp4(F )(τ,C) = 2, there exists a unique lift for Ad(ρ). In fact, φ =
2χF ⊕Ad(ρ˜) due to [Lu18b, Theorem 1.2], where ρ˜ is an L-parameter of GL2(F ) and
Ad(ρ˜)|WDE = Ad(ρ). So
F (φτ ) = {2χF ⊕Ad(ρ˜), Ad(ρ˜)⊕ 2χFωE/F }.
Half members inside the L-packet Πφτ are Sp4(F )-distinguished.
• When dimHomSp4(F )(τ,C) = 4, there are 2 lifts for Ad(ρ) and so there are 4 lifts for
φτ , i.e. |F (φτ )| = 4. Only one member side the L-packet Πφτ is Sp4(F )-distinguished.
• When dimHomSp4(F )(τ,C) = 8, there are 4 lifts of Ad(ρ) and so |F (φτ )| = 8.
(a2) If ρ 6= ρχ and so ρℓ 6= (ρχ)∨, then |Yτ˜ | = |Zτ˜ | = 2 if ρ is primitive. Moreover,
Xτ˜ = {1, χF , χFωE/F }
and dimHomSp4(F )(τ,C) = 3. There are 3 parameter lifts for φτ , i.e.
F (φτ ) = {2χF ⊕Ad(ρ˜), 2χFωE/F ⊕Ad(ρ˜), χF ⊕ χFωE/F ⊕ ωE/FAd(ρ˜)}.
If ρ is dihedral with respect to one nontrivial quadratic character χE , then
χσE = χE = χ
′
F ◦NE/F
with (χ′F )
2 = 1 and dimHomSp4(F )(τ,C) = 6, which only happens when p = 2. On the
Galois side, there are two lifts φ0 and ωE/Fφ0 with determinant χ
′
F such that
φ0|WE ⊕ χE = Ad(ρ).
It is obvious that Xτ˜ = {1, χF , χ
′
F , χFχ
′
F , χFωE/F , χ
′
FχFωE/F } and
F (φτ ) =
⋃
z0,z,z′∈{0,1}
{χF ⊕ χFωE/F ⊕ ωE/Fχ
′
F ⊕ ω
z0
E/Fφ0, 2χFω
z
E/F ⊕ χ
′
F ⊕ ω
z′
E/Fφ0}.
If ρ is dihedral with respect to three nontrivial quadratic characters, then |Yτ˜ | = 8 and
dimHomSp4(F )(τ,C) =
{
12, if Zτ˜ = Yτ˜ ;
3, otherwise.
If Zτ˜ = Yτ˜ , then
F (φτ ) =
4⋃
i=1
⋃
z0∈{0,1}
{χF ⊕ χFωE/F ⊕ ωE/FAd(ρ˜i), 2χFω
z0
E/F ⊕Ad(ρ˜i)}
where Ad(ρ˜i) : WDF −→ SO3(C) are four parameter lifts for Ad(ρ).
(b) If (ρχ)∨ = ρℓ is irreducible, then χσ = χ. There exists a character ν : WE −→ C
× such that
νσν = χ and so (ρ⊗ ν)ℓ = (ρ⊗ ν)∨. Then
dimHomSp4(F )(τ˜ ,C) = dimHomSp4(F )(τ˜ ⊗ ν,C)
with ρ⊗ ν conjugate-self-dual, which has been discussed before if χ|F× = 1.
Suppose that χ|F× 6= 1. Then χ = χF ◦NE/F with χ
2
F = ωE/F and
dimHomSp4(F )(τ,C) =
{
|Zτ˜ |, if |Yτ˜ | = 2 · |Zτ˜ |;
1, if |Yτ˜ | = 8, |Zτ˜ | = 2.
If |Yτ˜ | = 2, there exists only one lift
Ad(ρ˜) :WDF −→ SO3(C)
satisfying Ad(ρ˜)|WDE = Ad(ρ). So F (φτ ) is a singleton, i.e.
F (φτ ) = {φ = χF ⊕Ad(ρ˜)⊕ χFωE/F }
and the rest cases are similar. Note that degΦ(φ) = 2 = d0(φ) in these cases.
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(B2) If χ2 6= 1 and ρ is irreducible, then φτ = χ⊕Ad(ρ)⊕ χ
−1.
(c) If ρ is conjugate-orthogonal, then χ|F× = 1 and so χ 6= χ
σ. The parameter φτ = χ⊕ χ
σ ⊕
Ad(ρ) and
dimHomSp4(F )(τ,C) =
{
|Zτ˜ |, if |Yτ˜ | = |Zτ˜ |;
1, if |Yτ˜ | = 4, |Zτ˜ | = 2.
Thanks to [Lu18b, Theorem 1.2], there are r distinct parameters Ad(ρ˜i) :WDF → SO3(C) such
that Ad(ρ˜i) = Ad(ρ) where r = dimHomSp4(F )(τ,C). Then
F (φτ ) =
r⋃
i=1
{IndWDFWDEχ⊕ ωE/FAd(ρ˜i)}.
(d) If ρℓ = (ρχ)∨, then χ = χσ = χF ◦ NE/F . There exists a character ν of E
× such that
χ = νσν and (ρ⊗ ν)ℓ = (ρ⊗ ν)∨. Then if |Yτ˜ | = 2, we have Zτ˜ = Yτ˜ . Thus
dimHomSp4(F )(τ,C) =
{
2 · |Zτ˜ |, if |Yτ˜ | = |Zτ˜ |;
2, if |Yτ˜ | = 4, |Zτ˜ | = 2.
On the Galois side, χ2F 6= ωE/F and
F (φτ ) =
r⋃
i=1
⋃
z∈{0,1}
{ωzE/F (χF ⊕ χ
−1
F )⊕Ad(ρ˜i)}
where r = 1, 2 or 4 depending on ρ.
(B3) If χ = 1 or the parameter ρ is reducible, then it belongs to the endoscopic case.
(C) If φτ˜ = φ1⊕φ2 with similitude character detφ1 = detφ2 (called the endoscopic case), then there are
several subcases.
(C1) Suppose that φ1 :WDE −→ GL2(C) is irreducible.
(a). If φ1 = φ2 is irreducible and conjugate-orthogonal, then
dimHomSp4(F )(τ,C) =
{
3 · |Zτ˜ |, if |Yτ˜ | = |Zτ˜ |;
3, if |Yτ˜ | = 4, |Zτ˜ | = 2.
On the Galois side, φτ = 2C+Ad(φ1) and
F (φτ ) =
r⋃
i=1
{2ωE/F ⊕Ad(ρ˜i), 2C⊕Ad(φ˜i), ωE/F ⊕ C⊕ ωE/FAd(ρ˜i)}
where r = 1, 2 or 4 and each Ad(ρ˜i) satisfies Ad(ρ˜i)|WDE = Ad(φ1).
(b). If φ1 = φ2 ⊗ χ 6= φ2 for a quadratic character χ, then
φτ = C⊕ χ⊕ χAd(φ1).
• If both φ1 and φ2 are conjugate-orthogonal, then χ|F× = 1 and χ = χ
σ = χF ◦NE/F . So
dimHomSp4(F )(τ,C) =
{
2 · |Zτ˜ |, if |Yτ˜ | = |Zτ˜ |;
4, if |Yτ˜ | = 8, |Zτ˜ | = 4.
If |Yτ˜ | = 2, then Xτ˜ = {1, χF , χFωE/F }. Moreover, dimHomGSp4(F )(τ˜ ,C) = 2,
dimHomGSp4(F )(τ˜ , χF ) = 1 = dimHomGSp4(F )(τ˜ , χFωE/F ),
in which case, |F (φτ )| = 4 and the lifted parameters are given by
χF ⊕ ωE/F ⊕ χFωE/FAd(ρ˜), ωE/F ⊕ ωE/FχF + χFAd(ρ˜) and C⊕ ω
z
E/FχF (C⊕Ad(ρ˜))
for z ∈ {0, 1}, where Ad(ρ˜)|WDE = Ad(φ1). The rest cases are similar.
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• If φℓ1 = φ
∨
2 and χ|F× = 1, then φ
ℓ
2⊗χ = φ
∨
2 . There exists a character ν such that χ = νν
σ
and (φ2 ⊗ ν)
ℓ = (φ2 ⊗ ν)
∨. Then
dimHomSp4(F )(τ˜ ,C) = dimHomSp4(F )(τ˜ ⊗ ν,C)
with φ2 ⊗ ν conjugate-self-dual, which has been discussed as before.
• If φℓ1 = φ
∨
2 and χ|F× 6= 1, then φ
ℓ
1 = φ
∨
1 ⊗ χ and so φ1 ⊗ χ = φ1 ⊗ χ
σ. Suppose that
χ|F× = ωE/F . Then χ = χ
σ. There exists a character ν such that χ = ννσ and
(φ1 ⊗ ν)
ℓ = (φ1 ⊗ ν)
∨.
So the parameter φ1 ⊗ ν : WDE −→ GL2(C) is conjugate-self-dual. Then ν
2 · detφ1 is
conjugate-orthogonal. Note that detφ1 is conjugate-orthogonal. Then ν
2|F× = 1 and so
χ|F× = 1, which contradicts χ|F× = ωE/F .
Thus χ|F× 6= ωE/F . Then φ1 = φ1 ⊗ χχ
σ and
dimHomSp4(F )(τ,C) =
{
|Zτ˜ |, if |Yτ˜ | = 2 · |Zτ˜ |;
1, if |Yτ˜ | = 8, |Zτ˜ | = 2..
On the Galois side, if |Yτ˜ | = 2|Zτ˜ |, then
F (φτ ) = {ωE/F ⊕ νiAsE/F (φ1), νi ◦NE/F ∈ Zτ˜}.
If dimHomSp4(F )(π,C) = 1, then F (φτ ) = {ωE/F ⊕AsE/F (φ1)}. Note that
ωE/F ⊗AsE/F (φ1) = AsE/F (φ1)
in these cases.
(c). If φ1 6= φ2 ⊗ χ for any character χ of WE , then φτ = C⊕ φ
∨
1 ⊗ φ2.
• If both φ1 and φ2 are conjugate-orthogonal and irreducible, then Yτ˜ = Zτ˜ and
dimHomSp4(F )(τ,C) =
{
4, if |Yτ˜ | = 2;
2, if |Yτ˜ | = 1.
Suppose that detφ1 = ν
σν−1, then there exists ρ˜i :WDF → GL2(C) such that
ρ˜i|WDE = φi ⊗ ν
and det ρ˜i = ωE/F · ν|F× . Then
F (φτ ) =
⋃
z∈{0,1}
{C⊕ ωzE/F νiρ˜
∨
1 ⊗ ρ˜2, νi ◦NE/F ∈ Zτ˜}.
• If φℓ1 = φ
∨
2 , then dimHomSp4(F )(τ,C) = 2 if Yτ˜ is a singleton. On the Galois side,
F (φτ ) = {ωE/F ⊕AsE/F (φ1), ωE/F ⊕ ωE/FAsE/F (φ1)}.
Moreover, |Πφτ | = 2 and Sφ = µ2
∼= Sφτ . Only one member inside the L-packet Πφτ is
Sp4(F )-distinguished, the other one is nongeneric and so it is not Sp4(F )-distinguished.
If Yτ˜ = 〈χE〉, then χ
σ
E ∈ Yτ˜ and so χ
σ
E = χE . Then
dimHomSp4(F )(τ,C) =
{
4, if χE |F× = 1;
1, if χE |F× = ωE/F .
On the Galois side, F (φτ ) is given by{⋃
z∈{0,1}{ωE/F ⊕ ω
z
E/F νiAsE/F (φ1), νi ◦NE/F ∈ Zτ˜}, if χE |F× = 1;
{ωE/F ⊕AsE/F (φ1)}, if χE |F× = ωE/F .
When χE |F× = ωE/F , Sφ = µ2 →֒ Sφτ = µ2 × µ2 is the diagonal embedding. There
are two representations in Πφτ distinguished by Sp4(F ) and the rest two representations
correspond to the nongeneric tempered representations of Sp4(E), which are not Sp4(F )-
distinguished.
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• If φ2 = C⊕ detφ1, then φ1 :WDE −→ GL2(C) is conjugate-orthogonal.
If detφ1 = 1 or detφ1 is not a quadratic character, then
dimHomSp4(F )(τ,C) = 1.
If detφ1 is a nontrivial quadratic character, then
dimHomSp4(F )(τ,C) =
{
1, if |Yτ˜ | = 1;
3, if |Yτ˜ | = 2.
On the Galois side, there exists a character ν such that detφ1 = ν
σν−1. So
(φ1 ⊗ ν)
ℓ = φ∨1 ⊗ ν
σ = φ1 ⊗ ν.
There exist ρ˜1 and ρ˜2 such that ρ˜i|WDE = φi ⊗ ν and det ρ˜i = ωE/F ν|F× . Then
F (φτ ) = {C⊕ ρ˜
∨
1 ⊗ ρ˜2}
if |Yτ˜ | = 1. If Yτ˜ = 〈detφ1〉, then φ
ℓ
1 = φ
∨
1 = φ1. There exists a parameter ρ˜3 such that
ρ˜3|WDE = φ1. Therefore
F (φτ ) = {C⊕ ρ˜
∨
1 ⊗ ρ˜2,C⊕ (ρ˜3 ⊕ ρ˜
∨
3 ),C⊕ (ρ˜3 ⊕ ρ˜
∨
3 )ωE/F }.
(C2) Suppose that φ1 = χχ1 ⊕ χχ2 is reducible and φτ˜ = χ(χ1χ2 ⊕ χ1 ⊕ χ2 ⊕ C). Then
φτ = χ1 ⊕ χ2 ⊕ C⊕ χ
−1
2 ⊕ χ
−1
1 with (χ
2χ1χ2)|F× = 1.
(d). If χσχχ1χ2 = 1 = χ
σχσ1χχ2, then χ
σ
1 = χ1 and χ
σ
2 = χ2.
(d1) Assume χ1 6= χ
±1
2 . Then
• If |Yτ˜ | = |Zτ˜ | = r where r = 1, 2 or 4, then
dimHomSp4(F )(τ,C) =


4, if r = 1;
6, if r = 2;
8, if r = 4.
On the Galois side, there exist two characters χF and χ
′
F of F
× such that χ1 = χF ◦NE/F
and χ2 = χ
′
F ◦NE/F . Moreover, χ
2
F 6= ωE/F and χ
′2
F 6= ωE/F . So if r = 1,
F (φτ ) =
⋃
z1,z2∈{0,1}
{χFω
z1
E/F ⊕ χ
′
Fω
z2
E/F ⊕ C⊕ (χFω
z1
E/F )
−1 ⊕ (χ′Fω
z2
E/F )
−1}.
If r = 2, then the extra 2 lifted parameters are given by
χFω
z
E/F ⊕ χ
′
F ⊕ ωE/F ⊕ χ
′
FωE/F ⊕ χ
−1
F ω
z
E/F , z ∈ {0, 1}
with (χ′F )
2 = 1. If r = 4, another 2 parameter lifts are given by
χ′Fω
z
E/F ⊕ χF ⊕ ωE/F ⊕ χFωE/F ⊕ χ
′
Fω
z
E/F , z ∈ {0, 1}.
• If |Yτ˜ | = 4 and Zτ˜ = 〈χ1〉, then dimHomSp4(F )(τ,C) = 3. On the Galois side, χ
2
F = 1 and
(χ′F )
2 = ωE/F . There are 3 elements in F (φτ ). For each φ˜i ∈ F (φτ ), one has deg Φ(φ˜i) = 2
and d0(φ˜i) = 2.
• If |Yτ˜ | = 2 and |Zτ˜ | = 1, then dimHomSp4(F )(τ,C) = 2 and |F (φτ )| = 2.
(d2) If χ1 = χ2 = χF ◦NE/F , then
dimHomSp4(F )(τ,C) =


6, if χ2F = 1;
2, if χ2F = ωE/F ;
4, otherwise.
If χ2F = 1, then Yτ˜ = Zτ˜ = 〈χ1〉 and Sφτ = µ2. There are 5 elements in F (φτ ) and at the point
φ1 = 2χF ⊕ 2χFωE/F ⊕ C,
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we have deg Φ(φ1) = 2. The rest 4 parameters in F (φτ ) are of degree 1 and are given by
4χFω
z
E/F ⊕ C and 2χFω
z′
E/F ⊕ χF ⊕ χFωE/F ⊕ ωE/F with z, z
′ ∈ {0, 1}.
If |Yτ˜ | = 〈χ1〉 and |Zτ˜ | = 1, then F (φτ ) = {φ = 2χF ⊕ 2χ
−1
F ⊕ C} is a singleton, where
χ2F = ωE/F . There is a group embedding
Sφ = 1 →֒ Sφτ = µ2.
The degree degΦ(φ) = 4 and d0(φ) = 2.
If |Yτ˜ | = 1, then dimHomSp4(F )(τ,C) = 4 and
F (φτ ) = {φ = χF ⊕ χFωE/F ⊕ C⊕ χ
−1
F ωE/F ⊕ χ
−1
F } ∪
⋃
z∈{0,1}
{2χFω
z
E/F ⊕ C⊕ 2χ
−1
F ω
z
E/F }
with degΦ(φ) = 2 and the other two parameters are of degree 1.
(e). If χσχσ1χχ2 = 1 = χ|F× and χ1χ2 6= 1, then χ
σ
1 = χ
−1
2 6= χ1.
• If χ21 = 1, then |Yτ˜ | = 4 and |Zτ˜ | = 2. So Xτ˜ = {1, χ1|F×} and
dimHomSp4(F )(τ,C) =
2
4/2
= 1.
On the Galois side, set ρ = IndWFWEχ1. Then
F (φτ ) = {ρ⊕ C⊕ ρ
∨}.
• If χ21 6= 1, then χ
2
2 6= 1. If χ1χ2 is a quadratic character, then χ1χ2 = χF ◦ NE/F with
χ2F = 1. So Yτ˜ = Zτ˜ and dimHomSp4(F )(τ,C) = 1. Suppose that χ1χ2 is not a quadratic
character. Then |Yτ˜ | = 1 and
dimHomSp4(F )(τ,C) = 1.
On the Galois side,
F (φτ ) = {C⊕ ρ˜
∨
1 ⊗ ρ˜2}
where ρ˜i|WDE = φi ⊗ ν with det ρ˜i = ωE/F · ν|F× where detφ1 = ν
σν−1.
(f). If χ|F× = 1 = χi|F× , χ1 6= χ
±1
2 , then Yτ˜ = Zτ˜ and
dimHomSp4(F )(τ,C) =


8, if |Yτ˜ | = 4;
3, if |Yτ˜ | = 2;
1, if |Yτ˜ | = 1.
On the Galois side, if |Yτ˜ | = 4, there are 6 elements in Xτ˜ which coincides with the case (d1).
If Yτ˜ = 〈χ1〉 = 〈χF ◦NE/F 〉, then
F (φτ ) = {χF ⊕ ωE/F ⊕ χFωE/F ⊕ Ind
WF
WE
χ2} ∪
⋃
z∈{0,1}
{IndWFWEχ2 ⊕ 2χFω
z
E/F ⊕ C}
with χ2F = 1.
(g). If φℓ1 = φ
∨
2 6= φ
∨
1 , then χ
σ
1 = χ1 = (χχ
σ)−1 and χσ2χ2 = 1, χ2 6= χ
σ
2 . So χ2|F× = 1.
• If Yτ˜ = Zτ˜ , then dimHomSp4(F )(τ,C) = 2. On the Galois side, χ1 = χF ◦NE/F and
F (φτ ) =
⋃
z∈{0,1}
{χFω
z
E/F ⊕ χ
−1
F ω
z
E/F ⊕ ωE/F ⊕ Ind
WF
WE
χ2}.
• If |Yτ˜ | = 2|Zτ˜ |, then dimHomSp4(F )(τ,C) = 1. In this case, χ1 = χF ◦ NE/F with
χ2F = ωE/F and F (φτ ) = {χF ⊕ χFωE/F ⊕ ωE/F ⊕ Ind
WF
WE
χ2}.
(h). If χ1 = 1 = χ2|F× and χ|F× = ωE/F , then φτ coincides with the case (d2) if χ2 = 1, or (f)
if χ2 6= 1.
Then we have finished the proof of Theorem 1.2. 
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Remark 4.11. Due to [Lu18b, Theorem 4.2], the non-generic tempered representation τ of Sp4(E) can never
be Sp4(F )-distinguished. If the representation τ is square-integrable and the L-packet Πφτ is a singleton, then
the Prasad conjecture for Sp4 holds, which has been shown in [Lu18b] using the local theta correspondence.
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